SHORT-TIME EXISTENCE OF THE RICCI FLOW ON NONCOMPACT 
RIEMANNIAN MANIFOLDS 
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Abstract. In this paper, using the local Ricci flow, we prove the short-time 
existence of the Ricci flow on noncompact manifolds, whose Ricci curvature 
has global lower bound and sectional curvature has only local average integral 
bound. The short-time existence of the Ricci flow on noncompact manifolds 
was studied by Wan-Xiong Shi in 1990s, who required a point- wise bound of 
curvature tensors. As a corollary of our main theorem, we get the short-time ex- 
istence part of Shi's theorem in this more general context. We get C° curvature 
estimates for the local Ricci flow by using so called "local local" curvature esti- 
mates and Moser iteration. And in an appendix we give the first detailed proof 
of the short-time existence of the local Ricci flow. 



1. Introduction 

In his well-known paper R. Hamilton introduced the Ricci flow on compact 
Riemannian manifolds which has proved to be very useful in the research of dif- 
ferential geometry. Let us recall the definition of the Ricci flow, it is the solution 
of the evolution equation deforming the metric on any ^-dimensional Riemannian 
manifold (M,gij): 

(i-D !*y = -2Ry 

where Rjj is the Ricci curvature of M at time t. 

The first important thing in the study of the Ricci flow on Riemannian manifolds 
which we have to consider is the short-time existence of the solution. In the case 
where M is a compact manifold, it is well known that for any given initial metric 
gij on M, the evolution equa'tion (11.11 ) always has a unique solution for a short 
time (see @, 0). 

To prove Yau's Uniformization Conjecture, Wan-Xiong Shi initiated studying 
the Ricci flow on complete noncompact Riemannian manifolds. The short-time 
existence problem of the evolution equation (11.11 ) is more difficult than the compact 
case. In his 79-page paper [12], Shi proved the following theorem: 

Theorem 1.1 (Shi, B12I0 . Let (M,go) be an n-dimensional complete noncompact 
Riemannian manifold with its Riemannian curvature tensor Rm - {Rjjki} satisfying 



\Rm\ <ko on M 
l 
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(1.3) 



where < Icq < +°° is a constant. Then there is a constant T(n, Icq) > depending 
only on n and Icq such that the evolution equation 

n? , WtSij(x,t) =-2R u (x,t) 

K ' g(x,0) =g (x) 

has a smooth solution gij(x, t) on [0, T(n, Icq)], and satisfies the following estimates. 
For any integer m > 0, there exist constants C m > depending only on n, m and Icq 
such that the covariant derivatives satisfy 

sup \V n Rm(x, t)\ < %, < t < T(n, Icq) 

xeM 1 2 

Note in fact Shi's theorem requires that the initial manifold (M,go) has the 
bounded geometry, i.e the curvature of M must have a point-wise estimate. In 
this paper, using Deane Yang's local Ricci flow, we prove the following theorem 
which requires only the integral conditions on the curvature tensor of the initial 
manifold and a local Sobolev inequality. 

For a point x e M, the open geodesic ball of radius R centered at x on (M, go) 
will be denoted as B X (R). And j means the usual average of integrand. 

Theorem 1.2. Assume (M,go) is a n-dimensional (n > 3) complete noncompact 
Riemannian manifold, satisfying the following conditions: 

( km h ^- d ^V * A ^ km l™l 2 ^o . 
(k(r)\ Rm ^)\ pod ^t° 

for any x € M and h € C^{B x {Ar)), where Aq and K\ are some positive constants, 
r and po are some constants such that < r < 1, po > | . 

Then the Ricci flow di.2D has a smooth solution gij(x, t) on [0, T], and satisfies 
the following estimates. For any integer m > 0, there exists a positive constant 
C(Aq, K\,m, n, po, r) depending only on Aq, K\, m, n, pq and r, such that 

(1.4) sup|V^,0l< C( ^^ + r >/>0 ' r) , 0<t<T 

xeM t 2 2p o 

where T = T(Aq, K\,n, po, r) is some positive constant depending only on Aq, K\, 
n, pq and r. 

Remark 1.3. Note the above theorem provides a method to smooth complete non- 
compact manifolds or orbifolds. For the compact case, see HI. 

We have the following corollary from Theorem 1 1.21 

Corollary 1.4. Assume (M, go) is a n-dimensional (n > 3) complete noncompact 
Riemannian manifold, satisfying the following conditions: 

j Rc(go) >-K g0 , 

\ {k(r)\ Rm ^)\ P °dV go f° <K, 

for any xeM and h e C^{B x (r)), where K and K\ are some positive constants, r 
and pq are some constants such that < r < 1, po > | . 



(1.5) 
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Then the Ricci flow rti.2D has a smooth solution gij(x, f) on [0, T], and satis- 
fies the following estimates. For any integer m > 0, there exist positive constant 
C(K, K\,m, n, pq, r) depending only on K, K\, m, n, pq and r, such that 

sup |V Rm(x, t)\ < , < t < T 

x€M 

where T = T(K, K\ , n, p$, r) is some positive constant depending only on K, K\, n, 
Pq and r. 

Proof: Because Rc(g Q ) > -KgQ, by theorem 3.1 in iflOl and corollary 1.1 in |9), 
we get Ao < C(n, K), then apply Theorem |1.2[ we get our conclusion. □ 
We also have the following corollary which is part of Shi's Theorem ll.lj 

Corollary 1.5. Let (M, go) be an n-dimensional complete noncompact Riemannian 
manifold with its Riemannian curvature tensor {Riju} satisfying \Rm\ < Icq on M, 
where < Icq < +oo is a constant. Then there is a constant T(n, Icq) > depending 
only on n and Icq such that the evolution equation M. 21) has a smooth solution 
gij(x,t) on [0, T(n,kQ)]. 

Proof: By \Rm\ < Icq, there exists K = nlcQ such that 

Rc(gQ) > -KgQ 

and we also have 

( f \Rm(gQ)\"dV g0 )" < Icq 
J BAD 

Now we choose 

K = nlcQ, K\ = Icq, po = n, r — 1 
then by all the above choice of K, K\, pq and r, dl.51 ) in corollary 1 1.41 are satisfied. 
By Corollary [L4] we get our corollary. □ 
And the other theorem is the case p = | , where pq is the power of \Rm\: 

Theorem 1.6. Assume (M,go) is a n-dimensional (n > 3) complete noncompact 
Riemannian manifold, satisfying the following conditions: 

Vol g0 (B x (p)) > N Q (ffVol gQ (B x (4r)) , 



(1.6) 



(f Ur) \Rm(g )\idV g0 )n <(TnA r l 
. {k (r) \ Rc (8o)\ p> dV go f <K X 



for any x € M, < p < 4r, h € C^{B x {r)), where p\ > % Aq, Nq ,K\ and 
< r < 1 are some positive constants. And r is some positive constant satisfying 
t > max {36N, where N = S n N 2 . 

Then the Ricci flow HI. 21 ) has a smooth solution gij(x, t) on [0, T], and satisfies 
the following estimates. For any integer m > 0, there exist constants C(n, m, Nq, t, r) > 
depending only on n, m, Nq, t and r, such that 

(1.7) sup|V^(x,0l< C(?2 ' m f Q ' T ' r) , 0<t<T 

xeM t^T 
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where T is defined as the following: 



(1.8) 



T = C(n,N ,puT,r)mm[l, A Q lpi ~" k] 




The typical examples of our theorem include manifolds with bounded curva- 
ture and the suitable perturbations of Euclidean space R." which have unbounded 
curvatures but satisfy the assumptions (1 1 -3b - The detailed discussions about the 
examples and further applications will be addressed in future papers. 

The organization of this paper is as the following: In section 2, we discuss the 
evolution equations and inequalities of curvature tensors. We do curvature's "local 
local" estimates in detail in section 3, then combine these results with the results 
of Yuanqi Wang in [ 14] to prove the time estimate of the local Ricci flow in section 
4. Finally, we prove our main theorem by using the local Ricci flow converging 
to Ricci flow in section 5. In the appendix, we prove the short-time existence of 
Deane Yang's local Ricci flow following Deane Yang's brief sketch in Ifl5l . 

The author is grateful to his advisor Professor Robert Gulliver for reading this 
paper and providing insightful comments and suggestions. He would like to thank 
his teacher Professor Jiaping Wang for suggesting this problem and bringing his 
attention to the article [15], also for his encouragement and many helpful sugges- 
tions. He would like to thank King-Yeung Lam, Weiwei Wu and Weiyi Zhang for 
useful discussions. 



First, we recall the definition of local Ricci flow introduced by Deane Yang in 
lfI31 . Let M n be a smooth ^-dimensional manifold with Riemannian metric go, 
£1 an open bounded domain of M and n > 3. Let ^ be a nonnegative smooth 
compactly supported function on Q., and < x ^ 1- The local Ricci flow is the 
solution of the following evolution equation: 



Now we would like to find the evolution equation of the curvature tensor Rm. 
We use the following notations: R l rk = g lp Rijk P , R\ = g rp Rip, and R is the scalar 
curvature. 

Lemma 2.1. Under the local Ricci flow d2.il ). we have 



2. Evolution equations of curvature tensors 



(2.1) 



JL = -2 X 2 Rc(g), g(V) = go, A-€C °°(Q) 



(2.2) -R ijkl = x 2 mjki + Q + h+h + h 

where Q, h, I 2 , h are defined in (EU), (Q(&(EZ|). 



Proof: Firstly, from [2], we know that if j t gjj = hij, then we have (see Remark 
3.4 in El) 



d 1 

jfijk - ^g lp Wkh jp + VjV p h ik - ViV p h jk - VjV k h ip - R q .. k h qp - R q ..h kq ] 



In our case, we have 



^ = -2 x 2 Rij. 



SHORT-TIME EXISTENCE OF THE RICCI FLOW 



5 



Now 

(2-3) ^R m = (-2/4)^ + gIm (jRT jk y 

We calculate gimj t R uk firstl y : 

SlmTt R Tjk = iFFkhji + VjVA* - V.-V/fy - VjVkhu - R c l jk h q i - R^hql 
We calculate V^ k hji as a sample, using the notation^ = V/x and Xij = V,V ; ^: 

ViV k hji = -2(x 2 ViV k Rji + 2xxFkRjl + 3-XXkViRji + 2*0^ + IxXikRji) 
So after a straightforward computation we get 
(7 8 " n ® R Tjk = X^i^iRjk + V,-V*K a - ViV.Rj, - VjV,R ik ) 

{ ' ' + x\R q ijk R q i + R%Rk q ) + h+h + h 

where 

(2.5) h = 2x[(XkVjRil + XjVkRu + xFiRjk 

+xFiRj k ) - (xk^iRji +XiVkRji +xFjRik +xjViRik)] 

(2.6) I 2 = 2[(xiXiRjk +XjXkRu) - (XiXkRji +XjXiRik)] 

(2.7) h = 2x[(xuRjk + XjkRu) - (XikRji + XjiRik)] ■ 

Now we would like to compute A/?, ;( y. From the formula for AR l i k on page 178 
of 0, we know that 

ARijki = A(gi m RT jk ) = glmMTjk 

(2.8) = (ViViRjk + VjV k Ru - ViV k Rji - V , V//?*) 

+{R']Rirki - R'Rjrki) - g pq {R r ijp R rq ki - 2R r pik R jqr i + 2R r jqk R P iri) 

By (|23]), d23) and (J2]3>, we get 

d , 

J R W = X ARijki + Q + h+h + h, 

where 

(2.9) Q = Q x + Q 2 

(2. 10) Gi = x 1 g pq (R r ijp R rq k, - 2R r pik R jqrl + 2R r jqk R pirl ) 

(2. 1 1) Q 2 = -X 2 (RmjklR? + RimklRj + RijmlR k + RijkmR'i)- 

This is our conclusion. □ 
Next we calculate j t \Rm\ 2 , we have the following lemma: 

Lemma 2.2. Under the local Ricciflow d2.il ). we have 

(2.12) -\Rm\ <x 2 MRm\ + - ' 1 - (1 - e)(^—±) 
at v \Rm\ ' v \Rm\ ' 

in 2 ID ,2 /lO 5 ^ ._ |2|D . ( Zxg ri g sj g pk g ql Rrs Pq XilRj^ 

+ 10^ 2 |/?m| z + ( )n\Vx\\Rm\ + I -) 

v e 7 v \Rm\ ' 

where e is any positive constant satisfying < e < 1. 
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Proof: 

f ( \Rm\ 2 = 2 8 r y VV^ W (|^) + ^WV^Wp 

Note 

Similarly, we get 
So we have 

f |flm| 2 = * 2 [A(|/?m| 2 ) - 2\VRm\ 2 ] + 2g H g s jgP k g^R rspq [Q 1 +I l+ I 2 + / 3 ] 
Let / = |/?m|, then we have 

-(f) = X 2 Kf 2 ) - 2 X 2 WRm\ 2 + 2g ri g s ig pk g« l R rspq [Q 1 +h+I 2 + / 3 ] 
Firstly we have the following estimate: 

Next it is easy to get 

10 4 

2g"?YV'Vi ^ 32^|V^||V/?m|/ < 2e(x\VRm\) 2 + (-— )n|V^| 2 / 2 ; 
also 

2g ri g sj g pk g ql R rspq h < l6^\V X \ 2 f 2 
We could use the normal coordinate system to simplify: 

2g ri g s jg pk g ql Rr m h = ltoZijuteuRjkRw) = ^xg ri g sj g pk g ql Rr Spq xuRjk 

Using normal coordinates it is also easy to see the following 

\V\Rm\\ < \VRm\. 

Then we get 

|(/ 2 ) < 2f X 2 Af + 2 X 2 Wf\ 2 - (2 - 2e)x 2 WRm\ 2 + I0x 2 f 
+0^)n\V X \ 2 f 2 + ^Xg ri g si g pk g ql Rrs Pq XiiRjk, 

So we have 

y <^ A/ + (^)-(i-,)(^) 

Replace / with \Rm\, we get our conclusion. □ 
Using the formula in section 1 of Chapter 3 of Q, we could get the following 

formula (because the calculation is very similar with the reduction of Lemma |2~T] 

so we omit the calculation here, just give the formula): 



SHORT-TIME EXISTENCE OF THE RICCI FLOW 



Lemma 2.3. Under the local Ricciflow d2.il ), we have 
(2. 13) jRij = x 2 A(Rij) + J,+J 2 + h + J a, 

where /j = 2 X g n X P ^ \Rij + XOCi^jR + Xj^iR) 
- 2xXpg pq ViR qj + VjR qi ), 

(2- 14) h = -IgP^xiXipRqj + XjpRqi) + 2-XXijR, 

Jl - -2g Pq (XiX P Rqj +X]XpRqi) + 2-XiXjR, 

h = 2xh pq (R r qij Rrp-RipRqi)- 

Imitating the reduction of Lemma 12721 we could also get the following theorem 
about \Rc\: 

Lemma 2.4. Under the local Ricciflow d2.il ). we have 

(2.i5) - m <swd + (-Lj-L) - (. - 4^-) 

10 5 — 
+ ( )n\V X \ 2 \Rc\ + (2 + ^n) X 2 \Rc\\Rm\ 

€ 

( g ik gj l R k iJ 2 ] 
' |i?c| ' 

where J% in the last line comes from (12. 14\ . and e is any positive constant satisfying 
< e < 1. 

Proof: Similar to the proof of Lemma l2~2l □ 

3. "Local local" curvature estimates 

In this section, we will use the product of two different cut-off functions to 
do curvature estimates, so we call them "Local local" curvature estimates. Let 
(M", go) satisfy the hypothesis of theorem [L2] (First case) or of theorem [T76l (second 
case). 

3.1. The First Case: po > §• Now we state some lemmas about Sobolev con- 
stants. Let us recall that B x (r) is the open geodesic ball of radius r centered at x on 
(M, go). There is well-known Sobolev inequality 

(3.1) (f f^dV git) Y <A(B x (r),t)r 2 f Wf\ 2 dV g{t) , V/ e C~(5,(r)) 

JBAr) JBAr) 

with respect to each metric g(t), note A(B x (r), t) depends on both t and B x (r). When 
r is fixed, we use the notation A(t) to denote a uniform Sobolev constant for every 
B x (r), x € M. 

Lemma 3.1. If a~ l go < g(t) < ago, then we have the following inequality: 

a - {n+V) A < A(t) < a n+l Ao 

where Aq = A(0) is the uniform Sobolev constant with respect to B x (r) and go, 
a > 1 is some positive constant. 
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Proof: It is straightforward from scaling argument and (13 - lb - □ 
In the rest of this subsection, we assume (M,go) satisfies the assumption of 

Theorem 1 1.21 namely inequalities (11.3b . with some fixed constant < r < 1. 
By Theorem 5.2.1 in [II] and the Sobolev inequality in (11.31 ). we get that there 

exists N\ = N\(Aq, r) such that 

Vol g0 (B x (p)) > Nx(^) n Vol{B x {Ar)), < p < 4r 

Then by the argument of Lemma 1.1 in 0, we have a sequence of points {x;}^j 
in M such that M - \J™ =l B Xi {r) and B x .(r) intersects at most N = N(A , r, n) balls 
B Xi {r), i + j, and B Xj (j) n B X (%) = if i + j. Then by partition of unity principle, 
we have £ e C~(B v ,(r))> = 1. |V£| 2 < C(r,N) (using the argument on page 
60 of Bl)and0<£ < 1. 

For simplicity reason, we use notation 5, to replace B Xj (r) in the rest of this 
section and section 4. And we also use £ to replace in some proofs of this 
section, it will be clear from the context when we do such replacement. 

We use the following notations which are a little different from the usual, note 
the denominator of the right sides of the following definitions are the same term. 
In fact, the right sides of the following are all the same: 

T hdV z® ~ v m f hdV z {t) 
JBinsi Vg(t)K"i) JB,nn 

JBi vg(f)\Pi) Jfi,nn 

f hdV g{t) = 1 f M^ (t ) 

for any h e C~(fl,-). 

By Theorem 16.71 and DeTurck's trick, (12.11 ) has a smooth solution on a suf- 
ficiently small time interval starting at t = 0. Let [0, r max ) be a maximal time 
interval on which (12.11 ) has a smooth solution and such that the following hold for 
each metric g(t) (where g(0) = go): 

(3.2) (f h^dV m Y <AA r 2 f \Vh\ 2 dV g(t) ; 

JB x (r) JBAr) 

(3-3) X -g < g(t) < 2g ; 

(3.4) ( f \Rm(g(t))\ Po dV g(t) V° < (IN^K, 

Js,nn 

for any x e M, h e C£(B x (r)) and i = 1, 2, • • • . 

We always assume HV^L = l|V^|| te0iOo) = sup ven (g^V^V,*) 5 < 1 in this 
section. 

Firstly, we have the following kind of "energy estimate" for \Rm\. 
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Lemma 3.2. 7/0 < t < 

^max> then for any i, q > 1, p > \, p' > and p > p' , there 
exists some positive constant C\(Aq, K\,n, po, r) such that we have the following: 

(3 5) m(L^X 2p, \Rm\PdV m y |V(^' +1 |/?m|f fdV m ) 

< d (A , K v , n, po, r)p <- + V ( 4nn ^~ V p ' 

Proof; Set /(x,f) = |7?m(x)| g(0 . Using Lemma [2j and f (</V gW ) = jfe^lgy] = 
-^ 2 7?, we get the following: 

(3.6, |(£fV'7')^|> 
where 

For simplification, we set the following notations: 

a - fV7* iv^ri; S = £V' + 7 5 ~ 1 IV/|; 

c - W' +1 /^ 1 |V/?m|; J = f |V(^' +1 /f )| 2 ; 2 = ^" IVfl 
Then we get the following 

7l < - p{p _ i) Jg2 + 2ep f~ b 2 + E£-fe 2 + fa 2 

h<pjb 2 , I 3 = -a-e)pfc 2 , I 5 <^) np ja 2 

where < e < | is some constant to determined later. 
For 1$, we get 

h = -8pf\yi{e^ +1 f p - 2 g ri g sj g pk g q %sp g Rjk)]xi 

<epjc 2 + \ W 6 n 3 p 3 q 2 ( fa 2 +j e 2 ) 
And we also have 

h < n(n - DfaVP < n(n - l)(22V)*^l( i nn ^~V P ' f P dV m ) 

Note that \R\ < n\Rm\ < 2pf, p' Q < ^ where — + 4- = 1, then we have 
(3.7) 

U < n P je q X 2p ' +2 f p ^ <n P tff || po , B , nn •[ j (f*x&+2frfo]i 

< UpilN^K^C^poMNpK.A^ f^V'7 p + (fV^ 2 /')^)^] 

< C(e,A ,^i,n,po)p^ + V4nn^V^ +2 / / ' + 100a* 
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IPO 



where j Bm f»)> 

Combining the above estimates together, note b < c, we have 
(3.8) 

j t (f a Z Zq X Zp 'f p ) ^ P(l +4e-p)fb 2 + \Wed + H0 6 n 3 p 3 q 2 [ ja 2 + je 2 ) 

+C(e,A ,K u n,p Q )p^ +l q 2 f Binn e q ~ 2 X 2p ' f p 
On the other hand, we have the following: 

V ) 2 < (qe 2 + {p' + 1)5 + W 



2 

Then we have 



< ( 2 + l)^g2 + (2 + 1 + 1)2g 2 + (1 + ^ p 2~ h 2 



(3.9) j~b 2 > [(I + 6)p 2 ] _1 J - [(1 + e)p 2 ] _1 (2 + + // + l) 2 j{a 2 + ? 2 ) 



By (f378T> . @3D, using |V£| 2 < C(r,iV), < £• < 1, < # < 1, and note 
1 + 4e - p < 0, we get 

mo) i(f^x 2p 'f p ) + m^-me)d 

< C(e, A ,K U n, p , r)p ^ + V ^" V P 7 P 
Choose e = in (13.101) . then we get 

(3 in f( + ra(fi v w +1 ^)i 2 ) 

< C(A , *i , n, po, r)p 2 ™- + V f B . nn 
Replace / with \Rm\, the lemma is proved. 

□ 

For simplicity reason, we use C\ intead of C\(Aq, K\ , n, po, r) in the rest of this 
section, similar for C2 etc. 

In the next lemma, we use Moser iteration to get local C°-estimate of \x 2 Rm(g(t))\. 

Lemma 3.3. If < t < T max < 1, then there exists some positive constant 
C2(Ao, K\ ,n,po, r), such that 

(3-12) \x 2 Rm(g(t))\ < C 2 f$~o 

Proof: Let/(x, t) = \Rm(x)\ g ( t )- Given any t\ and t 2 such that < t\ < t 2 < T maK , 

set 

r < t < h 

(3.i3) m = \ 3r h - f - t2 

{ 1 t 2 < t < r max 

By Lemma [3^21 we have 

( ^C 2P ^ + \U i nn^- 2 X 2p 'f P dV 8(t) ) 
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In the rest of the proof, we use C = C(Ao,K[,n,po,r) for simplification. We 
multiply (13.141 ) by ip(t), integrate it from to to with respect to t, where t 2 < to < 
T max . Then we get 

n , « &e 9 X*fndV gM + to £° £ iv W +1 /^)i 2 

Note (13.151) is in fact valid for any < t\ < t 2 < to < T max . 
For < t < to, we denote 

H(p,p',q,t) = f f eV'f 

then for any < l < i' < t < T max , using ( 13.151 ), we have 

H(p(l + \\p\\ + 2) + l.rfl + 2),t') = J* ino^f)'^/* 1 ^) 2 

4(3p -n) x l + 2 , 

< Cp^F^^ 1+ ^(l + pL) "H(p,p',q-\,L) l+ n 

Denote y3 - v = 1 + 2, 77 = v" +2 , fixed f € (0, f ), set 

P* = A)^ . Pfc = Pk ~ | , Pq = Po - I > 

ft = nv* - (S + 1) , ?o = f - 1 , i* = *(1 - f*) . 



H k = H{p k ,p' k ,q k ,L k ) , % = #f 

so 

Then for any & > 0, we get the following: 
H k +i = H(p k+ i, p' k+l ,q k+l ,L k+ i) 

= H(p k (\ + l),p' k {\ + + \,(q k + 1)(1 + 2),t t+1 ) 

< Cp P k (q k + i) 2 ^i)(i + 
<c^ +1 )( 1 + rl ^ 

Taking /j^+i-root on both sides of the above inequality, we have: 

„-(*+') b' jHM) (gll+AbdL, , n 
% + l < C~»~/><, "° rj\" +2 I "o (l + r 1 -^-) "° % 

By induction, we get 



PO U2 +1 W 1+r l^_ V0 O{) 

V 7/ - 1 7 



where cr^ = 2f =0 v 1 and cr^ - ^f = o iy '• 

Then we have 
(3-16) _ 

l#V/(*. 01 < lim^oo ® t+ i < C(l + r 1 )^ J o f0 i nn ^-V°-"/ P0 )^ 
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Let to — > t in (13.161 ) and using (13.4I ). we get 

< C(i +r 1 )^(£^ jnn ^-V P0 ""/ P0 )™ < cr^ 

So we get 

Now for any i e Q, we assume a; € fi, n Q, then we have 

\x 2 f\(x, t) = i sJLi ^ 2 /(^, 01 < ivcr^> < c 2 f 4 

Replace / with \Rm\, this is our conclusion. □ 
Straightforward from Lemma [331 we have the following two corollaries. 

Corollary 3.4. If < t < 

Tmm < 1> then there exists some positive constant 

Ct,(A$, K\,n, po, r), such that 

\x 2 Rc{g{t))\ < c 3 r& 

Corollary 3.5. IfO < t 

< Tmax < 1> there exists some positive constant C, 
which is independent oft, such that 

W 2 Rm(g(t))\ < C 



3.2. The Second Case: Scale-invariant exponent po = |. In this subsection, we 
assume (M, go) satisfies the assumption of Theorem 1 1.61 namely inequalities dl.61 ), 
and N = 8'W 2 . 

Similar argument like the beginning of the subsection 13. 1[ we assume [0, T max ) 
be a maximal time interval on which (12.11 ) has a smooth solution and such that the 
following hold for each metric g(t) (where g(0) = go): 

(3.17) (f h&dVgfjT <4A f |V/j| 2 ^ (f) ; 

Jfi,(r) JS x (r) 

(3.18) ^o<s(*)<2g ; 

(3-19) (f \Rm(g(t))\Uv g ^f <(2N)krnA r l . 

for any xeM,he C™{B x {r)) and i = 1,2, • • • . 

We have the following similar estimate as Lemma l3T2l but the coefhcents of the 
gradient integral are quite different. The difference is partially from the different 
estimates of I 4 in these two lemmas. 

Lemma 3.6. IfO < t < T max , then for any i, q > 1, p > |, p' > and p > p', there 
exists C\(n,No, r) > such that we have the following: 

(3 20) + Hi \v&' +l \RMh\ 2 dV m ) 

< iCi(n, iVb, r)p\\ / er 2 X 2p ' +2 \Rm\ p dV g(t) ) 
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where 

.4(0 - l -4e)x 

(3-21) 8 = ( ( 1+4e) ) - 48 Moll#HI§, Bi nn 

2 

a/iJ HU/nlla^nn = ( J g . n ^\^ m i x f0\^^g{t))> e is an y positive constant satisfying 
Q<e<\. 

Proof: Set f{x, f) = \Rm(x)\ g(t) . Using Lemma O and f(<5?V gW ) = \[g lj j%gij\ = 
~X 2 R, we could get the following: 

(3-22) Ufj^'rf-^ 1 * 
where 

For simplification, we set the following notations: 
~a = £V7*IY*|; 5 = ^V' +1 / 5 " 1 IV/|; 

? - fV' +1 / 5 " 1 |V/&n|; d = J\Wx p ' +l fh\ 2 ; e = rt"' + 7'|V£| 
Note that \R\ < n\Rm\ = 2pf, we have 

h < Up J ^x 2p ' +2 f p+1 < 12p||/|||, Bi nn -4A • J|V(^' +1 /f)| 2 
<4«pAo|I/||| An Q.d 

Similar to the proof of Lemma I3T21 we have 
n „> UL^ 2p 'f P ) * P(l +4e-p)/P + 48Moll/ll !>Bi nn 

^ ; +§io 6 nW(/a 2 + /g 2 ) 

Then we get 

|( / f q X Zp 'f P ) + M< ±10 6 n 3 p 3 q 2 J {a 2 + 2 2 ) 

< §10 6 nW(/ n £V p 'l*HW gW + J n ^-V p ' +2 |/?m|P|V^| 2 ^^ w ) 

where 6> is defined in dXITT ). Replace / with \Rm\, using |V£| 2 < C(r, N), < £ < 1 
and < x ^ L the lemma is proved. 

□ 

We also have another technical lemma about \Rm\ to be used in the proof of 
Lemma [3^8} 

Lemma 3.7. I/O < t < r max < 1, then we have the following inequality: 
(3.24) /^W+^ 8W ,C<„,AW>^r', V,- 
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Proof: Set f(x, t) - \Rm{x)\ g ^). Given any t\ and t 2 such that < t\ < t 2 < T max , 

set 

r < t < h 
(3-25) m = \j=% h<t<t 2 

{ i h<t< r max 

In Lemma l376l let q = 1, p' = 0, p - |, e = ^, where 6q is defined in (14.8b . plug 
the above values into (13.211 ) we get 9 = 9(n, No,t) > 0, then we have 

!( f ffUv g(t) ) + G f \Wxf*)\ Z dV g{t) < -C(n,N ,r)( f f?dV m ) 

Multiplying the above by ft, integrate it from to to with respect to t, where to 
satisfies t 2 < to < T max , then let t\ - t>i — 4, we get 

<C(n,No,r,T)A~ h -(\ + ^)t 

Again in Lemma [3761 let q - 2, p' = 1, p — 1 + |, choose suitable e = e(?i, A^o, t) 
such that 9 > 0, then we have the following: 

|( jV* 2 / 1+ W, (f) ) < C{n,No,r,T)(^J 2 X 2 f + idV g(t) ) 

Multiplying the above by ip, integrate it from to to with respect to t, where to 
satisfies t 2 < to < T max , then let t\ = 4, t 2 = to, we get 

I n ex 2 f +l UV 8(t0) < C(n,N ,r,r)(l + I)(JJ £*V/ 1+ i) 

< C(n, M„ r, r)(l + I)( sup^ |/(OI|,B,nn)Ao( j| /„ |V(&/*)| 2 ) 

C(«,A^o,r,T)(l + ^) 2 A ^ ( , 

Because we choose to freely, in fact we get the following inequality for any 
< t < T max < 1: 



f fx 2 f +i dV g{() < Cin^o^A^r 1 
Jn 



Replace / with \Rm\, we get our conclusion. □ 
Next we have the following lemma about \Rc\, and the key estimate is for I4 
where we use Lemma [3771 

Lemma 3.8. If0<t< T max < 1, p > % p' > and p > p', then we have the 
following: 



f ( / t 1 i q x 2p '\Rc\ p ) + K J W&' +l \Rc\ L h\ 2 ) 

< C(n,N Q ,r,r)p 2+ 'iq 2 (l + t~ l )( / Bi . nn ^~V p >l p ) 
lere exists C 2 (n, No, r) > such that we have the following. 

j t {L£ q x 2p '\Rc\ p dv m ) + 9(J n \wU p ' +1 \Rc\ E 4dv m ) 

< \C 2{ n,No,r)plq 2 (l + £)( JU^V'+W) 



(3.26) 
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for any q>\, where 9 = [ %\~^ ] - ~^\. 

Proof: Let f(x, t) = \Rc(x)\g( t ). By Lemma [2~4l we get the following: 

(3-28) |(X^ V/P )-§ 7 * 
where 

ii = A»P f fVW/', 4s = P jfV'f'- 2 s"'s"KuJ2 

where J 2 in /g comes from (12- 14b . 

Similar to the proof of Lemma 1331 we set 

a = i? X p 'f^X\ ; b = ^ X p ' +1 f^f\ 

c = ^ +1 / 5_1 ivifc| ; 5 = /|v(fv' + 7*)| 2 ; 2 - ^V + 7 f IVfl. 

Then we get the following 



(3.29) h+h+h+h+h< 



4(1 +4e-p) 



(1 +4e)p 
Finally, for I4, we have: 



J + lio 6 rcW( JV + J ? 2 ) 



h < 2(1 + V^)p[ f n (^X^\Rm\)"?] 

•[J B ,nn^ " +2 *" +2 /"+ 2 ) 2 J • [L& +2 X " +2 /" +2 )'" 2 J 
= 2(1 + ^p{j Q ^\Rf+lf ■{j Bi n^ 2(q - 2) X 2p 'f P ) ' 

< a ■ b 

where we use Lemma [3771 and the following notations: 

a = [C(n, N Q , t, r)pr&(J BtnQ f (q ~ V P 7 P )^] 
b = (J|V(^ +1 /*)I 2 )"" 



\ «+2 



s = 2+2, j' = «±2 1+1=1 



For any 5 > 0, we have 



ab = (aS~^)(b5^) < ±(M~Ty + 7(6^) 



«+2 



Let 5 = k„ 2 , where ko is some positive constant which will be determined later. 
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Then we get 

(3.30) h<ab< jL ' • C(n, No, t, r)p^t' l ( f f (q ~ 2) x 2p 'f p ) + k d 
Now we choose e = jfco = 5 in (f3T29l > and (EDOl) . by (f3T28T >. we get 

|( J fV'f) + 5 / |V(^' +1 / f )P 

< C(#i, Afo, r, r)[pV + p^r 1 ] • ( V7 P ) 

< C(n,^v ,T,r)p 2+ f^(i + r 1 ) • ( J B ^e (q ' 2) x 2p ' f p ) 

So (13.261) is proved. 

Note for 74, we have 
(3.31) 

7 4 < 2(1 + yfi)p f \Rm\f«x 2p ' +2 f p < 8(1 + yfi)pAo\\Rm\k ,fi,nn ■ d < 

by (13281) . (13291) and (13311 we get 

lU^MWrw) + Ha \Wh P ' +1 f L ^V m ) 

< \ 10 6 n W(|V*| 2 «, i £V7* + / B , nn ^ V^Vl^l 2 ) 

Replace / by |7?c| and simplify it, we get our second conclusion. c 
We set 

Oi - 1)tV«- 8/> 2 N 

ei = = =!— > 

32p 2 ^V + 4rVn 

where we use r > 16,1 |A 



Choose f 1 > such that 



exp(ic 2 ^ATf 1 ) = ^ 
ei 2 



Now we set f 2 as the following: 

72 = min{ri, 1} 
Corollary 3.9. If0<t < T max < T 2 , then 

(3.32) ( f \RcrdV g(t) Y < , Vi 

Proof: Set / = |7?c|, choose q — 1, p' - 0, p — p\ and e = ei in (13.271) . then it is 
easy to check that 9 > by the definition of 9 in Lemma [331 Then we get 

I f ffW < -C 2 ^( f liter 91 ) 

Define <p(t) = sup B . eCov(n) 

d .. 1 



5^' ~ ei 



-0(f) < -C lP \N(l)(t) 
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Then 

0(0 < exp(iC 2 ^M)0(O) < ex V {±C 2 p\NT 2 )K Pi < flsTf 
Now we have 

f ww gW <awo 

We get our conclusion. □ 
Now we use Moser iteration to get local C°-estimate \x 2 Rc(g(t))\. 

Lemma 3.10. If0<t< 

Tmax < T2, then there exists some constant C?,(n, No, t, p\,r) > 

0, such that 

n 

(3-33) \x 2 Rc(g(t))\ < C 3 A 2 Q n Kiftk 

Proof: Let f(x,t) = \Rc(x)\ g ( t )- By (13.261 ), similar argument as Lemma 1331 but 
we denote 

f q x 2p 'f p 



H(p,p',q,t)= f° f 
Jt Js,r 



And denote v = 1 + -, 77 = v" , fixed t € (0, to), set 



B,nn 

n+2 



Sk = P\v k , s Q = p\ p' k - S k - § , = pi - \ , 
q k = 2nv k - (n + 2) , qo—n — 1, i k — t{\ — rf k ) , 

H k = H{s k ,p' k ,q k ,L k ) , ® k = H s k k 



Then 

we get 
(3.34) 



On - 



2n_ 

|^ 2 /(*,0l<iim^eoO, +1 

n 



< C(n,N,T,r, Pl )A^(l + r^(ff J^^^) 
Let to — > ? in (13.341 ) and using Corollary 13. 9[ we get 

|£V/(x,f)l < C(n,N,r,r, Pl )A 2 Q n (1 + r 1 )^(j£j^^V pl_,, / P1 ) 
< C(n, iV, t, r, p i )A^ 7 ^ f & 

Then we get 

tiX 2 f\ < \i [ X 1 f\ < dn^r^p^AfK^ 
Now for any x € O, we assume x e B, D O, then we have 

w 2 f\{x, t) = 1 eJLi ^A 2 /(^, 01 = ics^i ^ ; 2 ) V/i 

< [tfEja ^> 2 /l < N 2 C(n,N,T,r,p 1 )AfiK 1 t-& 
<C 3 (n,N ,T,p 1 ,r)A* I K 1 t-& 
Replace / with \Rc\, this is our conclusion. 
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Lemma 3.11. I/O < t < T max < 1, then for q > 2, p > §, p' > and p > p', we 
have the following: 

jL(f^ x ip'\Rm\P) + \(^my^\Rm\H 2 ) 
< C(n,N Q ,T,r)p 2+ 'iq 2 {\ + t~ l )( | BinQ £? (? ~V P ' l*H p ) 
Proof: Similar to the proof of (13.261) in Lemma [3781 □ 
Lemma 3.12. If < t < 

Tmax < T% then there exists some positive constant 
Cn(n, No, t, r), which is independent oft, such that 

\x 2 Rm{g{t))\ < C 4 r l 

Proof: Similar to the proof of Lemma [3. 101 but replacing p\ with | and using 
LemmaEE! (f37T9b instead of LemmaEl Corollary [37J1 " □ 

Corollary 3.13. If0<t< Tmax < T% then there exists some positive constant C, 
which is independent oft, such that 

\X 2 Rm{g{t))\ < C 

Proof: Straightforward from Lemma [3. 121 □ 

4. Time estimates of the local Ricci flow 

As in section 3, we consider two cases and assume that (M n ,go) satisfies the 
hypothesis of theorem [T721 or theorem [TTSl respectivelv. 

4.1. The First Case: p > §. In Propositions I47T1 14721 1431 and 14741 we assume 
(M, go) satisfies (1 1 -3b - Choose T\ > such that 



(c.pf^Nn) 3 
exp v / = - 

where C\ is from Lemma [3721 
Proposition 4.1. If0<t< T max < T\, then 

( f \Rm(g(t))\ Po dV g{t) Y° < \fi 

Proof: Set f(x, t) - \Rm(x)\ g ( t )- Let q - 1, p' — 0, p — po in Lemma [3721 so we 
have the following: 

|( f ?ff p °dv g(t) ) < c 1P( p +3 f r°dv g(t) 

ot Jn JBina 

For Q., define Cov(Q) = {Bi\Bi n Q # 0), note that Cov(O) has only a finite 
number of elements. Now we define 



<P(t)= sup ff tf\RmrdV g{t) ] 

B,eCov(fi) Jfi ; nf2 
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Assume 0(f o ) = f B ^ f J \Rm\ Po dV g{to) , then 

< c^f 5 * 3 Zf =1 ( | B . nn ^<W, (to) ) < Cu^ +3 Nm 
Because ?o is choosed freely, we have 

( 4 - 2 ) &m * [ci P ^N]m 

Note by (TT3T> . 0(0) < sup B/ nn |tfm|«Wg < £f, then by the definition of 7^ 
and (14.21 ). we get 

0© < \k? 

Now we have 

inn \*™rdV g{t) = Zf =1 4 nn ^/w < AW) < l^f 

So we get our conclusion. □ 
Set 

where C3 is from Corollary 13.41 
Proposition 4.2. If0<t< T max < T2, 

(4.3) 2-^£o < g(t) < 2^ go 

Proof: Choose < to < T max < T%. then by Corollary 13.41 we have 

Jo° Ifel* = f I2^ 2 ^te(0)i^ < f 2c 3 r*£ft < 2c 3 r 2 1- ^ < ffi 

By Lemma 6.49 in 0, we get our conclusion. □ 
Proposition 4.3. If0<t< T max < T 2 , then 

(4.4) (f h&dVg®)^ < 2A r 2 f \Vh\ 2 dV g(t) , VheC™{B x {r)) 

JBAr) JBAr) 

Proof: By Lemma |3~T] and Proposition 14.21 we get our conclusion. □ 
Proposition 4.4. IfT max < T%, then on [0, T max ), we have 



(4.5) 



2-igo <g(t)<2*go 
\x 2 Rm(g(t))\ <C 



for any x e M and h € C™(B x (r)), where C is independent oft. 
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Proof: Combining Propositions 14. 1 [ l4~2l 14.3 1 and Corollary 13.51 we get our con- 
clusion. □ 

Now we need to use the following two propositions due to Yuanqi Wang. Firstly, 
we define another Sobolev constant C A (Q, t) for Q. c (M, g(t)) by the following 

Wc0(O) < C,(Q, t)( j n \Vh\ 2 dV g(f) f , Vh € q°(Q) 

Remark 4.5. Because Q is bounded domain in (M, go), so by the proof of Theorem 
3.5 in (7), we get C S (Q, 0) is finite. Then ifO < t < T max < Ti, by Proposition \4.4\ 
we get 2"4g < g(f) < 2'^go, so C S (Q,, t) is uniformly bounded on [0, T max ). 

Proposition 4.6 (Yuanqi Wang, [14]). If\x 2 Rm\(g(t),co), \^ x\(g(t),oo), C S {Q., t) are uni- 
formly bounded on [0, T), then for any m > 0, |V m (Y 2 /?m)|(g(;) j0o ) is uniformly 
bounded on [0, T). 

Proof: Combining Lemmas 4.7^1.13 and Propositions 4.15^1.16 in lfl4l . we get 
that for any m > 0, \^ m 0c 2 R m )\(g(t),co) is uniformly bounded on [0, T). □ 

Proposition 4.7 (Yuanqi Wang, [14]). If g{t), t € [0, T) is a solution to the local 
Ricciflow d2.il ) on M, and for any m > 0, |V m (^- 2 /?m)|(g( ; ) j0o ) is uniformly bounded 
on [0, T), then the local Ricciflow could extend smoothly through T. 

Proof: Use similar argument in section 7 of chapter 6 of [2], the difference is 
that V m (x 2 Rm) play the key role in our local Ricci flow case instead of V m Rm in 
Ricci flow case. □ 

Now we have the following theorem which has its root in Theorem 9.2 of ifTSI . 

Theorem 4.8. Assume (M, go) is a n-dimensional (n > 3) complete noncompact 
Riemannian manifold, which satisfies 111.3$ . Then there exists some positive con- 
stant T = T(Ao, K\,n, po, r), such that d2.il ) has a smooth solution on [0, T]. More- 
over, for t e [0, T], the metric satisfies A3. JD and the curvature tensors satisfy the 
following bounds: 

(4-6) W 2 Rc{g(t))\ < C(Ao, K u n, P o, r)f$S 

(4.7) \x 2 Rm{g{t))\ < C(A Q ,K u n,po,r)f^ 

Proof: Firstly, by Theorem 16.71 and DeTurck's trick, the equation d2.il ) has a 
smooth solution on a sufficiently small time interval starting at t = 0. Let [0, T max ) 
be a maximal time interval on which d2.il ) has a smooth solution and such that 
(13~H ). (I33i COD) hold for each metric g(t). 

Choose T = T{Ao,K\,n,po,r) = y > 0. We claim that T max > T, we prove it 
by contradiction. 

If ?max < T, then T max < T2- By Proposition 14.41 and Remark 1431 we get 
\x 2 Rm\ ig{tXco) , IY^|(g( t ) ;00 ), C S (Q., t) are uniformly bounded on [0, T max ). 

Then by Proposition 14.61 we get that for any m > 0, |V m (^ 2 /?m)|(g( ? ) jCO ) is uni- 
formly bounded on [0, T). Now using Proposition [477J we could extend the solution 
of (12.11 ) to [0, T max + 6), where 8 > is some constant. 
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By (143b . we could furthermore assume that (1331) . (13/lb hold on [0, T max + 
6), so it is the contradiction with the definition of r max . Then we have T max > T, 
and (12.11 ) has a smooth solution on [0, T]. We prove the first conclusion and g(t) 
satisfies (13.31) . 

Note T <T 2 , then by Corollary E3J Lemma[33]and T 2 < 1, we get (@~6]), (IQ) . 

□ 

4.2. The Second Case: po - \ • In this subsection, we assume that (M,go) satis- 
fies the inequalities (11.6b . Now we set 

tin - 2) - 12Afa 

where we use t > 36Af and N is the same as in Theorem |1.6l 
Choose Tt, > such that 

^UC^NT,) _ 3 

where C\ is from Lemma [3T6l 



exp^ 2 



(4.9) 



In 9 2 /'i n _ 2 ''i 

f 4 = min(f 2 , f 3 , ( =-^= ) 2w -"A n ¥Fi ^ 1 ^} 

> 3 ' ^2(« + l)C 3 («,^o,T,p 1 ,r) ; 1 J 

where C3 is from Lemma |3.10i 

Similar argument as in Propositions 14.21 1431 and l4~4l we get: 

Proposition 4.9. IfT max < T4, then on [0, r max ), we have 

( kir) ^dV^ < 2A f 6 \VhUV git) , 
2~-Ag Q <g(t)<2*g 

( j Ur) \Rm{g{t))fidV m f < (iNfiTnAoT 1 
\x 2 Rm{g{t))\ <C 

for any x e M and h € C^(B x (r)), where C is independent oft. 

Similar to the proof of Theorem 14. 81 we have the following theorem: 

Theorem 4.10. Assume (M, go) is a n-dimensional (n > 3) complete noncompact 
Riemannian manifold, which satisfies rti.6l ). Then there exists positive constant 
C(n,No,T, p\,r), such that d2.il ) has a smooth solution on [0, T], where 

n _Jfl_ 

(4.10) T = C(n,N ,T, Pu r) mm jl, A Q 2pi ~" K { 2pi - 1 ) 

Moreover, for t e [0, T], the metric satisfies A3. 3\) and the curvature tensors satisfy 
the following bounds: 

(4-11) \x 2 Rc(g(f))\ < Cin,N ,T,pur)AfK x f^ 

(4. 12) \y 2 Rm(g{t))\ < C(n, N , r, r)t~ l 

Proof: Similar argument to the proof of Theorem 14. 81 □ 
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Remark 4.11. Note the difference of the power oft between A4.6\) , M. 71 ) and 
MM- 

5. Short time existence of the Ricci flow 

In this section, we use the family of the local Ricci flows to converge to the 
Ricci flow on a noncompact manifold M, then we get the short time existence of 
the Ricci flow on M. At many points in this section, we will take a subsequence; 
to simplify notation, at each stage a sequence such as \xk) will be re-indexed to 
continue to be \xk\- 

Proof of Theorem \1.2\ Choose 

Q, - {x\d g0 (x, O) < 4'', x e M\ i = 1, 2, • • • 

where O is some fixed point in M. Constructing xu which is smooth cutoff function 
on M, such that 

J 1 xeQ; 
XMW-\ x eM\n i+1 

and 

(5.1) 0< Xi <h IIYttIL < 1, lim^(x) = l 

Now by (15.ll ). we could choose T as in Theorem 14. 81 and note such T is inde- 
pendent of Xi- For each k, let g k {t) be the solution of the following local Ricci 
flow: 

j t gk =~2x 2 k Rc, xeM 
g k (x, 0) = go(x), x e M 

Then for any < t\ < T, any i, we have 

(5.3) l|V^/&n i t(x,Ji)|| te ( /1 xoo)^C(jii,n / ,/i) > xeQ, k<i 

where V* and Rm k are with respect to gk(f). For simplicity reason, we shall use the 
notation \VfRmkix, ?i)|oo instead of \\VfRmk(x, ti)\\ig k (h),oo)- If k > i, then on O,, g k 
satisfies (11.21) which is the Ricci flow. From (14.71) we know 



(5.2) 



(5.4) \x 2 k Rm k (x,h)\oo <C(A ,Ki,n,p ,r)t 1 2n , x e M, Vk 
Note C(Aq, K\ , n, po, r) in (15.41 ) is independent of k. So we get 

(5.5) \Rm k (x, fi)U < C(A , Ky,n, p , r)t { 2po , x € Q ; , > i 

Then by Theorem 14.14 in [4], we have 
(5.6) 

_ m 

\^Rmk(x, < C(A ,Ki,n,m, p ,r, h,D, i )t 1 2 - C(A ,Ki,n,m, po,r,t\,Q.i) 

for any x € Q ( and & > i. 
By (1531) and (f5T6l >. we get 

(5.7) \V k Rm k (x, fi)|oo < C(A , *Ti,n, m, p , r, h,Q) x e V£ > 

Note \VTRm k {x, fOU are bounded independent of k. 
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When t e [0, T], by Theorem 14. 81 we know 

(5-8) ^g < g k (t) < 2g , 

so we get 

Ci Vdetgo < V det ^(?i) < C 2 Vdet^o 
By Lemma 5.2 of lfl5l . we get that there exists some To > 0, such that 

(5.9) inj gk{tl) (0) > r 

By (15.71) and ( 15.91 ), Theorem 3.9 in [3] applies for gk(h), 0)k e n too, we get 

lim g k (x, h) = gco(x, h) 

where the limit is in C°° sense on Q;. So we have 

(5.10) | V m g k (x, rOU ± |Vg g fc (x, tOU < C(m, Oj) x e Q, 

where C(m, Q ( ) is independent of fc. 

And we also know from Theorem 14.14 in flU, if k > i, 

(5.11) \V™Rm k {x,t)U <C(.A ,K u n,m,p ,r,tuCld, (x, t) e Q, x [t\ , T] 

If k < i, it is easy to get (15.1 II) is also true. So we get for any k, (15.1 II ) is true, 
where C(Aq, K\ , n, m, po, r, t\ , O,) is independent of k. 

Then by (Ell), (15101 . (I5TTT ) and Lemma 3.11 in 0, we get 

— V m ^(x,0 < C(A ,K u n,m, q,p , r,t u Q ; ), t) e £2, x [f lf T], Vk>0 

Ot c i oo 

Now by Corollary 3.15 in O, we get 

lim g k (x, t) = gooix, t) (x, t) e x [t { , T] 

>oo 

where the limit is in C°° sense. Because i and t\ are arbitrary, by the diagonal 
method, we get 

(5.12) g(x, t) = goo (x, t) = lim g k (x, t) (x, t) 6 M X (0, T] 

k—ioo 

Then we have 

| lim^o (g(x, t) - go(x))\ = | lim^o hm^oo (g k (x, t) - g k (x, 0))| 

= | lim^o hm^oo J Q §;gk{x, s)ds\ 

rt 9 1- — 

< lim f ^o lim^oo J \2xiRcuU < C lim^ 1 2p ° 
-0 



In the last inequality above, we used (14.6b - 
So, we could define 

(5.13) g(x,0) = g (x) xeM 

Then by (I5.2I ). (15.121) and (15- 13b . we get is the solution of the Ricci flow 
(11.21) on M x [0, T]. This is the first conclusion of theorem [L2l it remains to prove 
the estimate (1 1 -4b - 
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Now by (1531) and (15.121) . we get 



\Rm g (x, *i)|co < lim \Rm k (x, < C(A , A'i, n, p , 

><x> 



2 /»() 



for any ieM and ?i € (0, T] 
£i 

"2 



If we look at (M, g('4-)) as the initial conditions of the Ricci flow, we have the 



Ricci flow onMx[|j] and 



Rm 



<C(A ,K u n,p ,r)t~ 2 " 



(5.14) 

Now we define 

(5.15) g(x,t) = [c(A ,K u n,po,r)t~~ }g(x/j + t[C(Ao,K l ,n,p ,r)t~ Tr °}~ 1 ) 

where C(A ,Ki,n, po,r) in ( 15.151 ) is the same as in ( I5.14I ). Then from scaling 
argument we can get 

f t gij(x, t) = -2R u (x, t) 

g(x,0) = [C(A ,£i,n,p ,r)*~*]g(x,|) 

We already know that gjj and its Ricci flow exists on ['-j, T], so gjj and its Ricci 

_ n 

flow exists on [o, (T - ^)C{Aq, K\ ,n,po, r)t l 2p ° ]. We use {Rjju(x)} and V to denote, 
repectively, the Riemannian curvature tensor and the covariant derivative with re- 
spect to gtj(x, 0). Note \Rm\ < 1 on M, by Lemma 7.1 of 02], there exists a positive 
constant C(n, m), such that 

(5.16) ^ 
\V m Rln(x,t)\ 2 < < t < [o,(T - ^CiAo, K u n, Po ,r)t~^}, m > 

by ( 15.151 ) and ( 15.161 ), we get 

C( M . m )[ C (Ao. g „ n . Po r)(| ] C(A , g „ m ,„, w , r): t± < f t 

r — t — * "|W — 9 

[C(A () , A), rV P0 f[°(f-fi) m 

So we have 

|V m /?m(x, Mr < , m > 

mH 

'l 

Because we choose t\ freely, so finally we get 

,™ p , A ,2 „ C(A Q ,K u m,n,p Q ,r) n ^ , t 

|V Rm(x, t)\ < , for < t < T, m> 

So we get our conclusion. □ 

Proof of Theorem \l.6\ Similar argument as the proof of Theorem [OJ except using 
the results in subsections 13.21 14.2l instead of subsections 13.11 14.11 □ 
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6. Appendix: Short-time existence of the local Ricci flow 

To prove the short-time existence of the local Ricci flow, we will following the 
brief sketch in Deane Yang's |[T5l . Firstly by DeTurck's trick, we could equiva- 
lently consider the following local Ricci-DeTurck flow: 

§- tgij = -2 X 2 R U + Vi(x 2 W)j + Vj(x 2 W)i 

(po =Id M , gij(x,0) = gij{x) = (go)ij(x) 

W J = gj k g"{T* pq -T* pq ) 
Note the second equation in (16.11 ) is a quasilinear ODE, the solution on M \ Q. is 
IdM\n, so we only need to consider the first family of equations in (16.ll ). 



(6-1) \ Utip) =-x 2 (p)W(<f> t (p),t), peM 



Lemma 6.1. The following modified evolution equations \6.2\ is a parabolic sys- 
tem. 



(6.2) 



§ gij = -2 X 2 Rij + V,-0f 2 W)y + Vj(x 2 W)i 
gij(x, 0) = gij(x) 



Proof: Note on M\Q., gij(x, t) = gij(x), so we only need to consider the evolution 
equations on O. Calculate (16.21 ) directly, using lemma 2.1 in |fl2jj. we get 

(6.3) 

faij = x 2 g a ^ a %8u - x 2 {g al3 gip~g pq Rj aq p + g a Pgj P ~g pq Ria qP ) 

+ \x 2 g aP g m 0ig P C^jg q P +W a g ]p V q g if} - IVagjpVpgiq 

-2VjgpaV(3giq-2Vigpa%gjq) 
+XXig m ^pgjq + Vqgpj ~ Vjgpq) + XX jg P<1 (V pgiq + V ' qgpi ~ V igpq ) 

gij(x, 0) = gij(x), ieQ. 

{ gij (x,t) =gij(x), X€dQ, t€[0,T]. 



where Xi - ^iX- Then (16.31) is a degenerate parabolic system, so we are done. □ 
Now we consider the following parabolic system, where e is some positive con- 
stant and < £ < 1 . 

f f t Vij =(X 2 + e)u a P{ Vij ) a p + Dij(U, V) + BijiU, VU) 
(6.4) Vij {x,0) =~ gij (x) ieQ. 

( Vij{x,t) =gij(x) xedQ., te [0,T]. 

where U = (w, 7 )? 7=1 , V = (v )^ =1 , (v u ) afi = V a V^(v fy ), 

Dij(U, V) = -X^iu^Rjaq^Vip + (u a "~g Pq Riaqfi)Vj p l 

B ij (U,VU) = E ij + F ij 

Eij = jX 2 u a/j uP%WiU pa WjU q/ j + 2V a u jpVqUip - 2V a u jp \ 1 pu iq 
-2VjU pa Vpu iq - 2ViU pa VpUj q ) 

Fij = XXiU Pq (VpU jq + W q U pj - VjU pq ) +XXjU Pq (VpUiq + ^qUpi ~ % 'iU pq ) 

We define ® e (U) = V, if V is the solution of <l64l) . and kf = (x 2 + e)u a ^ . 



26 



GUOYI XU 



For simplicity reason, unless otherwise mentioned, in the rest of this section, we 
use the notation $(£/) = V, A a P to replace ® e (£/) = V and A°f , we also use V to 
replace V. So we get 

(6.5) jVij = A^{vij)ap + D^U, V) + B U (U, VU) 

We define the following function spaces and norms: 
Definition 6.2. 

®t = [U\^gij < u u < 2~ gij ; U(x,0) = g(x),xe Q; 
U(x, t) = g,xedQ; Ue C°(Q x [0, T], ® 2 r*(Q))} 
\U(x,t)\ N = (Y J f \VU(x,t)\ 2 d/i g f, \U(x,t)\ TN = sup (\U(x,t)\ N ) 

\a\<N J(i ' te[0,T] 

ll/lk = J] |V°/li.-(n) 

\a\<N 

where \V a U(x, t)\ 2 = ~g ilh ■ ■ ■ ~g im H pk ~g ql ^h " " " V^pqWh ' ' ' * jj*tt\ and M = 
m > 0. 

Choosing some fixed p > |, /ef 

B (/?)r - {tf|M r>/t+2 < ^ e x [0, r],® 2 r(Q))) 

B w (/? w )r = {^|M rjv < f/ e C ! (Q x [0, T],® 2 T*(Cl))} 
where N > p + 2. 

we choose R - 2\g\ 2 and /?a? = 2|g| w in the following. 
Firstly we have the following lemma: 

Lemma 6.3. //W^Il- < Co, then 

\u~\ +1 < c(k,Co,Cs(m\u\ P+1 + + 1), 

Vfc > 0, where C S (D.) is the Sobolev constant ofQ,. 
Proof: 

\V k+1 U-\ 2 = \V k {U- l U- l VU)\ L 2 = \V k (U- 2 VU)\ L 2 

< c({\u-\~ + l)\VU\ k + \u-\(\vu\ L ~ + 1)) 

< c\vu\ k + c{\u- l \ k {\u- l \ L ~ + \)(\U\p + \ + 1)) 

<c\u\ k+l + c\u-\{\u\ P+ i + V 

Let a k = \U~\, c k = \u\ k , b = (|t/|~ +1 + 1), we get a k +\ < Cc k+ \ + Cba k . By 
induction, it is easy to get 

a k+1 <C(b+\) k+l (c k+1 + 1) 

So we have 

□ 
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From now on, we will denote all the uniformly bounded quantities on [0, T] by 
C. C in different places may have different meanings, but it should be clear from 
the context what the C represents or depends on. If some quantity is assumed to 
be uniformly bounded on [0, T] in a specific lemma, proposition or theorem, we 
would also denote it by C. 

Then we have the following proposition: 

Proposition 6.4. There exists some T > 0, such that <5> : %j C\ Bq(R)t — > 5lr n 
B («)r. 

Proof: Firstly choose U e n Bo(R) tl , ?i is to be determined later, we want to 
show V = <3>(U) € 9I tl for some fi > 0. 

We choose a positive integer m such that 2 m > 2n, then if we choose a normal 
coordinate system {x 1 }, such that at one point 



{h 



then 



Now we could define: 



4>r, 



' 1 

, o 

( M 

{ o 
I o 





1 , 

N 



An , 

\ 



By (1631) and 4\# = -v ik v jl 4-Vki, we have 



8 



Ot 



(6.6) 

By (61) on page 236 of lfT2l . we get 
(6.7) (v'V - V a V jS (v' 7 ) = -v Vv^v*/) - V^vV^vjb 

By (I6T61) and (l677i we get 

-v ij = A^(v% + A a ^v ik v fl )a{v u )p - v ik v j '[D kI {U, V) + B kl (U, VI/)] 
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= v*lfl • • • [A^{v a ^ k )al3 + A^lW^V^ 

, fi -v a ^[D pq (U, V) + B pq {U, VI/)]] • • • ^ mai 

-2A a n- m - l A-\v pq ) a {v pq ) p 
-2 Z w Z P <« A^ 1 )*^ 3 ^ 1 )^" 3 ^^ 
Note the last term in (16.81) : 



By (I6T8I) and ( f6T9l >. we get 

= Or 2 + e)0f)QM4i - mix 2 + e) Z™:_ 2 ^(v«)„(v w )^(^ 1 ) m - £r - 6 (A / - 1 ) £r 

then we get 

(6. 10) < (y 2 + e)u ap {<l> m ) a p + C(n)x 2 \R~m\<pm - ^Bn 
Because U e % t n B (#) ?1 , then 

(6.11) -A^-'Bn < C ■ (R + \) 2 cf>l + "- 
From ( 16.101 ). ( 16.111 ) and Maximum Principle, we have 

( max (p m (x, t)) < C((max <p m (.x, t)) + 1) 

xeCl jrefi 
<f>m(x, t) < - 1 ^ - 1, C 



Co - Ct n+\ 
Note <p m (0) = 2n, so we could choose t\\ > 0, such that when t e [0, fn], 
<p m (x, t) < 2 m , so 

A; > — , i = 1,2, • • • ,n 
2 

Now we define 

n 
i=\ 

(6.12) 

(W =(X 2 + €)u^(i/r m ) afi - 2(x 2 + e) Z j<k A m q +] ~ k ~ l A k ~ ] ~ X u^iv^v^ 
^Afu^R^p + A^Bu 
< (x 2 + e)iS#(!fr m ) af i + C(^ m + if 

Similarly, by (16.121) and Maximum Principle, we have 

1 1 

(f>m(x, t) < — — - 1, C = 



Co - Ct n + 1 

Choose t\2 > 0, such that when t e [0, tu\, <fr m (x, < 2 m , so 

Ai < 2 i — 1, 2, • • • , n 
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We set t\ - mm{t\\,t\2\ ,then when t e [0,/i], \ < A4 < 2, so we get V e % 1 . 
Note in fact we prove that V e %i if U € n Bo(7?) t] . 
By (1631) . for AT > ^ + 2, we have 

< 6 " 13 ) iMiv = L^ _1 ) W+2VQ!v H Va (l V v) = h+h + h+h 

where 

/i=2^ f (I _1 ) |a|+2 V a v«V a (v !7 ) p? A^ 
a Jn a Jn 

(6.14) 

h <-21Z a j {g- l ) M+2 (V a m) P V a (vij) q APi -2Z a f (f- 1 ) |ff|+2 (V a v, / )V a (v !7 ),(A^), 
where we use the fact IV^T 1 ! < \IJ- 1 \ 2 \VU\ < C(R). 

(6.15) 7 2 < 2£ a Y W \ L 2 ' [ C ( l^ 2 + £)| Vff+1 *f )' + |v ff - 2 [V 2 A«(V) M ]| i2 ] 
and it is easy to get 

V*-i[V 2 APi(V) pq ]\ L2 < C\V\ N + C(\V\p +2 + l)(|A^k + 1) 
but we know from lemma [631 



so we have 



(6.16) 



v«- 2 [v 2 a^(V) m ]| l2 < c\v\ N + c(|y|_ +2 + i)(\u\ N + 1) 



By (16.151 ) and (16.161) . we get 



(6.17) 7 2 



<-y r 



v a+1 y 



(6.18) 7 3 <2|V| W I:JV-D| i2 <C|V|2 +C|V|^(|^ + l)(|f/| JV + l) 

h = h+ h 



(6.19) 
where 



/5 = 2 Z Jcr^vvav^ 
/6 = 2 Z / (r^v^v ^ 
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for ^5 , we only estimate one term of it as the following, the rest are similar. 

< C(n)2JV a V| L 2 . | V «-1[V(y2c/-2) • (VU) 2 ]\ L 2 

+C(n) Y, a J v a y • (x*u- 2 )V(yuvu) 

< C\V\ N • [\U- 2 \ N \((VU) 2 \ P + 1) + (\U~ 2 \ p+l \ + l)(V£/)Vi] 



+C(n)Z a f 
+C(n)2 a / 



V ff+ly . (^2 f/-2)V Q '- 1 (Vt/Vi7)| 



< qvuKl^k + 1) + u ^h=n j x 2 W a+i v\ 2 + c\u\ 2 N + c\v\ N \u\ N 

so we get 

75 - 71 E f ^ 2 |V°- +1 V| 2 + C|VU(|t/| w + 1) + C|t/|2 

\a\=N J 

for I(„ we only estimate one term of it as the following, the rest are similar. 

2 Z a / (r l ) lal+2 V a v k ,V a \xXiU p{1 (u jq ) p ] 

< CZ a V a V ■ V a ~ l [V(xV X U-') ■ (VI/)] +2Z a fWV- (xV X U~')V a+l U 

< c\v\ n (\u\n + 1) + & Zi«mv / * 2 iv a+1 vi 2 + qt/i 2 , + qvyt/k 

so we have 

4 - s z r ^ 2|yff+i y|2 + + c i y ^d^ + 1) 

\a\=N J 

Then we get 

(6.20) U < ^ J f * 2 |V ff+1 V| 2 + q<7| 2 + C\V\ n QU\n + 1) 



By (I6TT3T) . (I6TT41) . (I6TT71) . dU) and dODl . we get 
d_ 

Jt 



(6.2i) -ivi 2 , < qvi 2 , + qy| w (|V|p +2 + i){\u\ N + 1) + qt/i 2 , 



Let 0(f) = \V\ 2 N (t), then 

f < Ccp + C^-Qi + Q 2 

where 



61 = 0^+2 + 1)0^ + 1), Q2 = c\u\ 2 N 



we could get 



(6.22) <j> t < C(<f> + l)(Q 2 + Q 2 + 1) < CQ 4 (<f> + 1) 
where 

(6.23) Q 4 = (\V\ P+2 + 1W\n + I) 2 

When we choose N = p + 2, then <p{t) = |V|~ +2 (0, define \j/{t) = \U\p +2 (t), then 

Q 4 = (<P + l)(ifr + l) 2 

0, < C((f> + l) 2 (iA + l) 2 < C(R + l) 2 ((/> + l) 2 = C((p + l) 2 
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where ip < R because of U € B (R) n and C - C(n,N,R, \\x\\n, \\Rm\\ N , C 4 (Q)). 

m ~ c^ci ~ l ' Co = im + 1)1 

Note 0(0) - (f ) 2 , so there exists t 2 > 0, such that if t e [0, t 2 ], 0(0 < R 2 

W\p +2 < R 

So choose 

(6.24) T = t 3 =mm{t l ,t 2 ) 

we get <f>(U) = V e 9I r n B (/?)r if t/ e 2I r n B (/?)r- So we have 
: 3I T n B (/?)r — > n B (/?)r 



Proposition 6.5. For a«v N > p + 2, there exists T > 0, such that 

O : % T n B (K)r n B N (R N ) T — > 5tt r n B (/?)r n B N (R N ) T 

Proof: Choose C7 e 3I f3 nB (/?) (3 nB w (^) f3 , where f 3 is defined in (|6.24t ). Then 
by Proposition [Ml we get V = G>(t/) e % 3 n Bo(/?) f3 , so |V|p +2 < 7?. And we also 
have \U\ N < R N , so by ( 16.221 ) and ( 16.231 ), we get 

<pt < C(R 2 + l)(R N + 1) 2 (0 + 1) < C(0 + 1) 

where 0(0 = |V|2 (t) and C = C(n,N,R,R N , M\n, \\Rm\\ N , C,(Q)). 

0(0 < (Co -C0 _1 -1, Co - (0(0) + l)" 1 

Note 0(0) - (^) 2 . 

Then there exists £4 > 0, such that if t € [0, U], 

0(0 < (Rn) 2 

which implies \ V\n < Rn- 
Now we choose 

T = t 5 = mm{/ 3 ,? 4 } 
Then when t e [0, T], we have 

\V(x,t)\ N <R N 

^Ve 1l T n B (/?)r n B N (R N ) T if U e 3I T n B (/?)r n B N (R N ) T . □ 
Next we show that is a contraction map. 

Proposition 6.6. There exists T > 0, ?/za? 

|O(L0 - 0(#)| r ,p < <W - 

/or some < 5 < 1, any U, U € ^ T n B (/?)r- 
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Proof: By (16.51) we will have the following 

V t =(x 2 + e)u^{V) ap + P(U)V + B(U, VU) 
V t ^( X 2 + €)u a ' 3 (V) a/3 + P(0)V + B(U,VO) 

where 

V = <£(£/); (P(U)V)ij = Dij(U, V); (B{U,VU))ij = B^U, VC/); {V) a p = V a VpV 

similar notation for V etc. 

Define W = V - V = <D(t/) - <D(t7), then 

W t = (x 2 + e)u a/3 w afj + P(U)W + H 

where 

# = (£■ + e )( M ^ - u ap ){V) aP + (P(£/) - P(t/))V + (B(U, VI/) - B(U, Vt/)) 
We consider \W\ 2 ~: 

(6.25) j t \W\ 1 p = J y +J 2 + h + J A 



where 

72 f ®" 1 ) W+2 ^w«[ var CA M (wy) M )-A«V or ( Wi y) w ] 

/ 3 = 2 £ f (g _1 ) |a|+2 V or WHV ar (P(tOW) f y, 7 4 =2^ f (g-^W+^WBV^ 
M<P J W</5 J 

Recall A pq = ix 2 + e)u pq . Similar with (16.141) . we have 
(6.26) /j < - l - f Of 2 + e)|V ff+1 ttf + C|W|? 

\a\=p J 



Similar with (16.151 ). we get 

h < 2 ^ l^tf • t C ( for 2 + f)|V ff+1 W| 2 )5 + |V^ 2 [V 2 A™(W0 m ]| L 2] 
and we have 

\V a - 2 [V 2 AP4{W) pq \\ L 2 < C Zp +y=a \^(V 2 AP q )WW\ L 2 

< C((|V 2 A^| L ~ + l)|V a W| L 2 + \W\ L ~(\V a (V 2 AP«)\ L 2 + 1)) 

< CKILTIp+2 + l)|W|j, + \W\ p QU\ p+2 + 1)] < C\W\ P 

so 

(6.27) /2 -^2 JOf 2 + ^)|V a+1 W| 2 + C|W| 2 

\a\=p 

Similar with (I6.18I ). we get 

(6.28) h < C\W\ 2 p 

(6.29) J 4 = J 5 + J6 + h 
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where 

Js = 2 Z / (r ! r +2 v a w • v a [(x 2 + €)(u- 1 - u- l )v 2 v] 



J6 = 2 Tj fcr^v'Mv-v'^L') -p(u\m 

a J 

h = 2 ^ f (g~ l f +2 V a W ■ V a [B(U, VU) - B(U - Vt7)] 

(6 30) /s ^ C \ W \p(^ a [(X 2 + ^ 2 V-(U- l -U- l )]\ L 2) 

< c\w\ p (\v\ p+2 + iw- 1 - u-% < C\W\ P \U - U\ p 

It is easy to get 

(6.31) h < C\W\ P [\P(U) - P(U)\p(\V\ p + 1)] < C\W\ P \U - U\ p 

We only need to estimate two terms of J-] like the following /§ and /g, the others 
are similar. 

/ 8 = V f (g- 1 )^ 2 ■ W a W ■ V'% 2 (^ 2 (V[/) 2 - tT 2 (Vt/) 2 )] 



= 2 f (s-'r 

a J 

= 2 / cr 1 )" 



J9 = 2J (rT l+2 • v a w • v^v^t/- 1 vi; - t/^vt/)] 

We first estimate /g 

(6.32) / 8 < 7 10 + /n+ Jn + Jn 
where 

Jl ° = C Z f (F 1 ) 1 * 2 • v a w- v a [(t/ _1 - u~ l )u~ l (vu) 2 x 2 ] 

a J 

Jn = c Tj f (£ -1 ) w+2 • v " w - v a [(f/ _1 - U- l )U~ l (VU) 2 x 2 ] 

a J 

J X1 = Cj^ f (| _1 ) W+2 • V a W • V a [(tr 2 Vt/;r 2 )V(t/ - t/)] 

Jn = C Z f ^ _1 ) w+2 • v " w • V a [(f7- 2 Vt^ 2 )V([/ - [/)] 
Firstly, it is easy to get 

(6.33) 7 10 < C\W\p(\U~ l - U-%(\U-\VU) 2 \p + 1)) < C\W\ P \U - U\ p 
Similarly, we get 

(6.34) Jn<C\W\p\U-U\ p 
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We have J\2 < Jn.i + J\i.i, where 

/12.1 = c Yj\ (^~ 1 ) |a|+2 • v " w - V a_1 [V(C/- 2 VC/^ 2 )V(C/ - t/)] 

/12.2 - c J] f (| _1 ) |a!|+2 • v a w • (U- 2 VUx 2 ) ■ V a+i {U - U) 

(6.35) Jns^CWlpJ^lv^lfVg]^ 

a 

where / = V(I/-y Vt/), g = U-U, and note |/| /5 < C(M /5+2 + \u\ p+2 + 1) < C. 
Then 

iv- 1 [fvg]y < c z fi+7=a \^fw g y 

(6.36) < C((\f\L- + l)|V a gb + \g\ L ~(\V a f\ L 2 + 1)) 

<C|g|^ = C|f/-f/|^ 

With (I635T ) and d636b . we get 

(6.37) / 12J <C|W|p|I/-C/|p 
it is easy to get 

(6.38) Jn.2 < mo 2m=/> / iv a+1 wiV + qt/- f7|2 + qwi^ii/ - ^ 

by (16371) and ([638) , we get 
(6-39) 7i2 < ^ 2 f |V a+1 WlV + QU - U\j + C\W\ P \U - U\p 

\a\=p 

Similarly, 

(6-40) y 13 < _L ^ f |V ff+1 W|V + C|t/ - U\ 2 p + C\W\p\U - U\ p 

\a\=p 

By (16331 . (16341 . (I6391) . (16401 and (16321 . we get 

(6.41) y 8 < _L ^ J |V ff+1 W\Y + C|tf - C/|J + C\W\ P \U - U\ p 

\a\=p 

(6.42) J 9 < J u + /15 
where 

Ju = J] J (| _1 ) kl+2 • V ff W • V^C^Yf/Xt/" 1 - CT 1 )] 



2 / <r 1 ) w 



/is = > , , ) |a|+2 -V a W.V Gt [Ok'V\t/- 1 )V((y- LM] 

It is easy to get 
(6.43) J u < C\W\p\U - U\, 
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Similar with the argument for J\2, we could get 
(6.44) y 15 < JL £ f |V a+1 W\ 2 X 2 + C\U-U\ 2 p + C\W\ P \U - U\ p 

\a\=p 

By (f6T43T> . (16441 and (f6742l) . we get 
(6-45) J 9 <-L-Y, f |V ff+1 W|V + C\U - U\ 2 + C\W\ P \U - U\ p 

\a\=p 

By (16.411 ) and (16.451) . we get 

(6.46) / 7 <(A + _A_)£ f|V a+1 W|Y + C|C/-f/|? + C|^|C/-^ 

\a\=p 

By (I630T) . (I63TT) . (16461) and (I6T291) . we get 

(6.47) y 4 < _L ^ f | V - +1 W|V + QU - U\ 2 p + C\W\ P \U - U\ p 

\a\=p 

By K26\> . (16^71 . (16T281 . (16471 . and (I6T25T) we get 

(6.48) -(W|J) < d\W\ 2 p + C 2 \U- U\ 2 p 

where Ci = C\(n,R, \\x\\ p , \\Rm\\ p , C s (0)) > and C 2 depends on the same param- 
eter like C\. 

By Gronwall's inequality and ( 16.481) . note | W(x, 0)\ p - 0, we get 

(6.49) \W\ 2 p (t) < e Clt ■ J C 2 \U - U\ 2 p {s)ds < C 2 te Cl! \U - U\ 2 p 

We could choose ?6 > 0, such that C 2 t^e Cl ' 6 - 5 2 < \, then we choose 

(6.50) T = t 7 = mm{t 5 ,t 6 } 

then if t e [0, T], we get \W\ 2 p (t) < 5 2 \U - U\ 2 ,. Then we have 

|W| rjJ <6\U- U\ T , p 

that is 

mU) - ®(U)\T,p < 8\U - U\ T , P 

□ 

Theorem 6.7. There exists T > 0, such that on Qx [0, T], degenerate parabolic 
system (16. J I ) lias a smooth solution. 

Proof: We choose T = tj, and t 7 is defined in (16.50b - Now we set U°(x, t) = g(x), 
and U i+l = 0(£/') where U' are all (2, 0)-tensor on Q x [0, T], i = 0, 1, 2 • • • . Note 
t/° e 5t r n B (/?) r n B N (R N ) T for any N > j) + 2, by Proposition [631 we get 
[/' € % T n B (/?)r n B N (R N ) T for any z. Then we have the following: 

(6.51) sup sup sup \V a U\x,t)\ < QU^p+N < CR p+N 

te[0,T] xeQ. \a\<N 

for any i, N > 0, where C = C(C S (Q), N), and note C is independent of i. 
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Look at (16.41 ). we get 

(6.52) sup sup|Df£/ ! '(x,OI < C 

fe[0,r] xeCl 

for any i,N > 0, where C = C(C s ,N,R,R p +3,- ■ ■ ,Rp+2N,\k\\p+2N,\\Rm\\p+ZN),^ote 
C is independent of i. 

So {t/ ! }^i are uniformly bounded in C k (Q. x [0, T]) for any positive integer k, 
we could choose subsequence U ki -» U°° in C^(Q, x [0, T]). Then for k, > m > 0, 
we get 

\U m - U ki \ T ,p = |<D m (t/ ) - ® ki (U°)\ T ,p < 6 m \U° - ® k, - m (U )\ T ,p < 26 m R 
So we have 

lim \U m - U°°\ T ,p < lim {\U m - U k '\ T ,p + \U k - U°°\t,p) = 

Now 

\U°° - ®(U°°)\t,p = hm„ \U m - ®(U°°)\T,p = hm„ \^{U m ~ y ) - ®(U°°)\t,p 
< (Jlira^oo l^ 1 - C/°°| rj = 5-0-0 

then we have 

\U°° - ®(U°°)\ c0 < C s (£l)\U°° - ®(U°°)\ T ,p = 

so 

(6.53) U°° = <D(t/°°) 

Now we come back to the notation with e, then (16.531) is 

(6.54) U™ = ®,(U™) 

with respect to (16.41) with e. 

By (I63TT) and (16321) . we get {t/~} < e <i is uniformly bounded in C k (Q. x [0, T]) 
for any k. So there exists subsequence {U™}°°_ v such that 

lim U™ = U°° in C P (Q x [0, T]) 

i—*oo ' 

where lim^oo e, = 0. 

On the other hand, by (16.541) and (16.4I ). we have 

(6.55) (U™) t = Cr 2 + Q)(f/ e 7)^V a V^(f/ e 7) + D(t/~) + Z?(£/ e °°, VI/~) 
Let i — > oo in (16.551) . we get 

(t/°°) f = i ^ 2 (f7 00 ) Q ^v a v j8 (f7 00 ) + D(t7°°) + ^(i/ 00 , vt7°°) 

Then is a solution of g3) on Q x [0, T], and t/°° e C' 5 (Q x [0, T]). 
Because {L^°}o< e <i is uniformly bounded in C k (Q.x[0, T]) for any it, then for any 
k, we have subsequence of {U™}°° =1 denoted as {[/J 5 } such that lim^ U°° = U k '°° 

in C*(fl x [0, T]), then we get that U°° - U k <°° € C k (Q x [0, T 7 ]) for any k. So we 
have 

U°° e C°°(a x [0, T]) 
So £/°° is a smooth solution of (1631) on Q x [0, T]. □ 
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